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Abstract 

In this paper, we derive a boundary and an internal observability inequality for stochas- 
tic hyperbolic equations with nonsmooth lower order terms. The required inequalities 
are obtained by global Carleman estimate for stochastic hyperbolic equations. By these 
inequalities, we study a state observation problem for stochastic hyperbolic equations. 
As a consequence, we also establish a unique continuation property for stochastic hy- 
perbolic equations. 
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1 Introduction 

in 
O 

Let T > 0, G G M. n (n G N) be a given bounded domain with the C 2 boundary T. Let T 
be a suitable chosen nonempty subset of T, whose definition will be given later. Put 

Q={0,T)xG, £ = (0,T)xr, S = (0,T)xr , 

H ■ 

O 6 (T ) = Ix G G : dist (x, T ) < 5 \ for some 5 > 0. 

Let (Q, J 7 , {J r t}t>o, P) be a complete filtered probability space on which a one dimensional 
standard Brownian motion {B(t)} t >o is defined. Let if be a Banach space. Denote by 
Lj-(0, T; if) the Banach space consisting of all if -valued and {J-i}t>o-adapted processes 
X(-) such that E(|X(-)|^ 2 ( t-h)) < °°' Lj?(0,T; H) the Banach space consisting of all 
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ff-valued and {J-"t}t>o-adapted bounded processes, by Ljr(Q; C([0, T]; H)) the Banach space 
consisting of all H-valued and {J-" t } t >o-adapted processes X(-) such that E(|X(-)|^ 0T .^) < 
oo(similarly, one can define Lj?(Q; C k ([0, T]; H)) for any positive integer k), all of these 
spaces are endowed with the canonical norm . 

Throughout this paper, we make the following assumptions on the coefficients b lj G 
C\G): 

1. & = & = 1,2,--- ,ra); 

2. For some constant s > 0, 

^ s °l^l 2 ' v ( x >0 = (^V-- ,C) eGxl" (i.i) 

n 

Here and in what follows, we denote simply by ^\ For simplicity, we use the notation 

A ( ^ J 

Hi = yi(x) = — — , where Xi is the i-th coordinate of a generic point x = (x 1 , ■ ■ ■ ,x n ) in 

OXi 

W 11 . In a similar manner, we use notations Zi, i>j, etc. for the partial derivatives of z and v 
with respect to Xi. Also, we denote by v(x) = (^(x), • • • , v n (x)) the unit outward normal 
vector of V at point x. 

Let us consider the following stochastic hyperbolic equation: 

dz t - ^{b ij Zi)jdt = [hzt + b 2 -Vz + b 3 z + f]dt + (b 4 z + g)dB(t) in Q, 

n ^ v ( L2 ) 

z = on E, 

^(0) = z , zt(0) = £i in G. 

Here the initial data (20,21) G L 2 (Q, Fq, P; Hq{G) x L 2 (G)), the coefficients (1 < i < 4) 
satisfy that 



1.3) 



h G L~(0, T; L°°(G)), b 2 G L£(0, T; L°°(G; R n )), 
63 G L^(0,T;LP(G)) (p G [n,oo]), 64 G L?(0,T;L°°(G)), 

and nonhomogeneous terms 

/ G L^(0, T; L 2 (G)), 5 G L^(0, T; L 2 (G)). (1.4) 

Put 

H T ± L%(Q; C([0, T]; !#((?))) n 2£(fl; ^([0, T]; L 2 (G))). (1.5) 

Clearly, is a Banach space with the canonical norm. 

Now we give the definition of the solution to the equation (1.2). 

Definition 1.1 We call z G H T a solution to the equation (1.2) if the following two condi- 
tions hold: 
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1. z(0) = zo in G, P-a.s., and z t (0) = z\ in G, P-a.s. 

2. For any t G [0, T] and any rj G Hq{G), it holds that 

z t (t, x)r)(x)dx — / z t (0 : x)rj(x)dx 

G JG 

= \ ~ y2b lJ (x)z i (s,x)r] j (x) + [b 1 (s,x)z t (s,x) + b 2 (s,x) ■ Wz(s,x) 

Jo Jg 1 » (1.6) 
+6 3 (s, x)z(s, x) + f(s, x)]r)(x)^dxds 

+ / / [b 4 (s, x)z(s, x) + g(s, x)]r](x)dxdB(s), P-a.s. 
Jo Jg 

For any initial data (z , z±) £ L 2 (il, P; Hq(G) x L 2 (G)), one can show that the equa- 
tion (1.2) admits a unique solution z G H T (see [25] for details). 

Before giving r , we introduce the following condition: 

Condition 1.1 There exists a positive function d(-) G C 2 {G) satisfying the following: 
1. For some constant /z > 0, it holds 



;i-7) 



2. There is no critical point of d(-) in G, i.e., 

min|Vd(x)| > 0. (1.8) 

xeG 

Remark 1.1 If (fc u )i<ij<„ is the identity matrix, then d(x) — \x — x \ 2 satisfies Condition 
1.1, where x Q is any point which belongs to W 1 \ G. 

Remark 1.2 Condition 1.1 was first given in [5] for the purpose of obtaining an internal 
observability estimate for hyperbolic equations. In that paper, the authors also gave some 
explanation of Condition 1.1 and some interesting nontrivial examples satisfying it. Further, 
a detailed study of this condition is given in [13]. 

The r is as follows: 

r = jrr G rj E^^M^) > °}- (1-9) 

It is easy to check that if d(-) satisfies Condition 1.1, then for any given constants a > 1 
and b G M, the function d = ad + b still satisfies Condition 1.1 with /z replaced by a/xo- 
Therefore we may choose d, fj, , c > 0, c\ > and T to such that the following condition 
holds: 



Condition 1.2 

L \^ b ij (x)di{x)dAx) >R\ = maxd(x) > Rl = mmd(x), Vx e G. (1.10) 



4 Z — ' xeG xeG 

hJ 

2. T > T = 2i?i. 

3. (— ) < Cl <—. 

4. -4ci - c > 0. 

Remark 1.3 As we have explained, since b^djdj > 0, and one can choose /i in Con- 

dition 1.1 large enough, Condition 1.2 could be satisfied obviously. We put it here just in 
order to emphasize the relationship between < c < c 1 < 1, /i and T. 

Remark 1.4 // (& y )i<ij<n the identity matrix, then it is easy to show that 

d(x) = 2\x — x \ 2 

for some x G satisfy (1.7) and (1.8) in Condition 1.1. However, this d(-) does not 
satisfy (1.10) in the Condition 1.2. On the other hand, if we consider the problem with 
{b l ^)\<i,j<n = diag(l,l, ••• ,1), we do not need (1.10). Indeed, in this case, the inequality 

(1.12) and (1.13) below hold for allT > 2 max \ x — x \. One can follow the proofs of Theorem 

xeG 

1.1 and 1.2 to see this. We omit the details. 

In the rest of this paper, we use C to denote a generic positive constant depending on 
G, T, To, b l i(i,j — 1, • • • , n), d, Co and c\ (unless otherwise stated), which may change from 
line to line. 

Put 

T\ = |&2|l^(0,T;L°°(G;R™)) + I (&1, M |l/^(0,T;(L°°(G)) 2 an d T 2 = 1 63 (0,T;IA>(G)) ■ (1-H) 

Now we give our main results. The first one is the boundary observability estimate for 
the equation (1.2). 

Theorem 1.1 Let Condition 1.1 and Condition 1.2 be satisfied. For any solution of the 
equation (1.2), we have 



\(zo,Zi)\l* (n,F ,P;Hi (G) x L 2 (G)) 



< Ce^' 2 -""«>(H|^ (oT;i2(w) + \f\ LUWm + ^)). 
The second one is the internal observability estimate for the equation (1.2). 



1.12) 
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Theorem 1.2 Let Condition 1.1 and Condition 1.2 be satisfied. For any solution of the 
equation (1.2), it holds 

1(^0, ^l)lL 2 (n,Jc ,P;tfi(G)xL 2 (G)) 

^ r(r .2 , 3/2-n/p s /, . \ l 1 " 13 ) 

< e U+ 2 + \|V^|^ (0iT;L2(04(ro))) + \f\L^O,T;LHG)) + \9\l%(P,T;V>{G)))- 

Remark 1.5 Inequality (1.12) resp. ( (1. 13) ^ is referred to as observability estimate since it 
provides a quantitative estimate of the norm of the initial data in terms of the observed quan- 
tity, by means of the observability constant C . Indeed, the inequality (1.12) resp. ^ (1.13) ^ 
allows one to estimate the total energy of solutions at time in terms of the partial en- 
ergy localized in the observation subboundary T (resp. the observation subdomain 0$). This 
sort of inequality is strongly relevant to control problems and state observation problems for 
stochastic hyperbolic equations. 

Remark 1.6 Compared with inequality (1.13), it is more interesting to establish the follow- 
ing inequality: 

I (^0, 2i)|l2(Q/ ,P;L2(G)xH-i(G)) 

q, 2 +r 3/2-n/p , / t t \ (1-14) 

^ e ^ ' 2 (\ Z \L%(0,T;L2(O s (r ))) + \f\l%(p,T;V(G)) + \9\L%(0,T;L2(G)) )■ 

However, we do not know how to obtain this result now. 

Thanks to its important applications in Control Theory and Inverse Problems for hyper- 
bolic equations, and to its strong connection with the unique continuation for solutions to 
hyperbolic equations, the observability estimate for hyperbolic equations have been studied 
extensively in the literature. There are four main approaches to study it. The first one is the 
multiplier techniques(see [12] for example). The second one is nonharmonic Fourier series 
technique(see [10] for example). The third one is based on the Microlocal Analysis(see [2] 
for example). The last one is the global Carleman estimate(see [4, 5] for example). 

Among the above four methods, the global Carleman estimate is the most common and 
powerful technique to derive observability inequalities. It can be regarded as a more devel- 
oped version of the classical multiplier technique. Compared with the multiplier method, 
the Carleman approach is robust with respect to the lower order terms. Compared with the 
microlocal analysis, it requires less regularity on coefficients and domain. Compared with 
the nonharmonic Fourier series method, it has much less restrictions on the shape of the 
domain. 

There are very few works addressing the observability problems for stochastic partial 
differential equations. To the best of our knowledge, [1, 16, 18, 25] are the only references 
for this topic. In [1, 18] the observability estimate for stochastic heat equations is studied. 
[16] is devoted to the observability estimate for stochastic Schrodinger equations while [25] is 
concerned with the observability estimate for stochastic wave equations. In [25], the author 
proves a boundary observability estimate for the equation (1.2) with (fr u )i<jj<n being the 
identity matrix. More precisely, the author proves that 

dz 



< Ce 



dv 



1.15) 

LHoWTo)) + 1/1^(0,^(0) + \9\l^ W g))] 



where z solves the equation (1.2), T satisfies 



(4 + 5c) min \x — x 



2 



> c 2 T 2 > 4 max \x - x | 2 (1.16) 



9c xdG 

for some c G (0, 1) and x G M™ \ G, and 

.4. = A(bi, b 2 , b 3 , 64) = |&2|l^(o,T;L°°(G;R")) + 1(^1) ^4)|l^(o,T;L°°(G)) 2 + I ^3 1 L^> (0,T;L™(G)) 



There are three main differences between the inequality (1.12) and (1.15). The first is 
that the left-hand side of (1.12) is \(z , zi)\ H i^ xL 2^ G y However, it seems that one cannot 
simply replace \{z{t), z t {t))\ L 2 {n ^ ti p. H i {G)xL 2 {G)) by \(z , z±) \ mn,T ,p-,H^ (G)xL^(G)) directly in 
(1.15), thanks to the term e ct A . Although by Proposition 2.2 in this paper, one can get 
the estimate for \(z , zi)\ L 2^ n ^jr ihP . H i^ xL 2^ G y by (1.15), there are other two differences. The 
second is that the observation time T in (1.15) should satisfy (1.16), which is usually much 
more restrictive than that T > 2max xeG \x — x \ for our result(see Remark 1.4). The third 
is that the observability constant in (1.15) is not as sharp as that in (1.12). Indeed, it is 
clear that 



Nl-(q) + Nioo^.Rn) + |&3|!£ ( o,t;li>(G)) ^ A(b 1 ,b 2 ,b 3 ,0) + C Vp G [n,oo\. 

The rest of this paper is organized as follows. In Section 2, we collect some preliminaries. 
Section 3 is devoted to the proof of Theorem 1.1. In Section 4, we prove Theorem 1.2. 
Section 5 is addressed to a state observation problem of semilinear stochastic hyperbolic 
equations. At last, in Section 6, we present some further comments and open problems. 

2 Some Preliminaries 

In this section, we present some preliminary results. First, we give a hidden regularity 
property of solutions to the equation (1.2). 

Proposition 2.1 For any solution of the equation (1.2), it holds that 

dz 

L2 r (0,T;L2(r )) 



dv 



< e C{ri+V2+1) [\(Z , Zi)\ L 2( QjToi p. H l( G ) x L 2 {G)) + \f\L%(0,T;L 2 (G)) + \9\l%(0,T;L 2 (G))J ■ 

Remark 2.1 In [25], the author proved Proposition 2.1 for the case (& y ')i<i,<j< n is identity 
matrix. The proof Lemma 2.1 for general ip^)i<i,j< n ^ s similar. We only give a sketch of it 
here. 

Proof: For any 

h= (h 1 ,--- ,h n ) G C\R t x R"; R"), 
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by direct computation, we can show that 



= 2 



n n n 

i=l j=l i,j=l 

n n 

(dz t - H>" -., .), <ll) h-Vz- d{z t h ■ Vz) + z t h t ■ Vzdt - b ij z Xt z Xk h k Xj dt\ 



i,j,k=l 



-(div h)z 2 dt + £ z X3 z x Aw(b ij h)dt. 

(2.2) 

Since T e C 2 , one can find a vector field f = (f 1 , • • • ,£ n ) G C^R^R") such that £ = v 
on T(see [9, page 18]). Setting h = £ in the equality (2.2), integrating (2.2) in Q, taking 
expectation in Q and integrating by parts, we get inequality (2.1) immediately. □ 

Further, we give an energy estimate for the equation (1.2), which plays an important role 
in the proof of the observability estimate. 

Proposition 2.2 For any z solves the equation (1.2), it holds that 

E / (\z t (t,x)\ 2 + \Vz(t,x)\ 2 )dx 
Jg 



c 



< Ce 



(*^ + i)t e f 
Jg 



(\z t (s,x)\ 2 + \Vz(s,x)\)dx 



(2.3) 



T 



,X 



dx. 



+ CEj^ j G [f 2 (T,x)+g 2 (T,x)]dxdr}, 

for anyO<s,t< T. 

Proof: Without loss of generality, we assume that t < s. Let 

S(t)=E [ \\z t (t,x)\ 2 + |V^(t,x)| 2 + r 2 ^|^,. 
Jg 1 

From Poincare's inequality, we get 

E J (\z t (t)\ 2 + \Vz(t)\ 2 )dx < £{t) < C(rf^ + i)e J (\z t (t)\ 2 + \Vz(t)\ 2 )dx. 

By means of Ito's formula, we have 

d(z 2 ) = 2z t dz t + (dz t ) 2 , 



(2.4) 
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which implies that 

E J (\z t (s,x)\ 2 + r^\z(s,x)\ 2 yx-E J (\z t (t,x)\ 2 + r^l^, x)| 2 )dx 



^& u (x)(r, x)zi(r, x)z jt (r, x)dxdr + E / / Zt(T,x) b 1 (r,x)z t (T,x) 



= -2E 




t JG 



(2.5) 



+26 2 (r, x) • Vz(t, x) + 6 3 (r, x)z(r, x) + /(r, x) 



dxdr 



+E / / [6 4 (t,x),z(t,x) +#(r,x)] dxrfr + 2r 2 Wp E / / zt(r,x)z(r,x)dxdT. 

A it JG 

Therefore, we obtain that 
E 

G 



dx 



-E 



G 



|^(s,x)| 2 + ^2b t3 (x)zi(s,x)zj(s,x) 
|^(t,x)| 2 + ^ b ij (x)zj(t, x)zj(t, x) rfx 
= E^" y z t (r,x) ^b 1 (T,x)z t (T,x) + b 2 (r,x) ■ Vz(t,x) + 6 3 (r, x)z(r, x) + /(r, x)j rfxrfr 



+E / / [fe 4 (r,x)z(r,x) + #(r, x)] 2 dxdr + 2r|^E / z t ( y T,x)z( y T,x)dxdr 



t JG 



t JG 

2 

2 — n/p 



<C(r 2 + l)E/ / [z 2 (r,x) + |Vz(r,x)| 2 + 2 2 (r,x)]rfxrfr+2rr n/p E/ / z t (r, x)z(r, x)dxdr 

it iG it i G 

+E / / 63 (r, x)z(r, x)z t (r, x)dxdr + 2E / / [/ 2 (t, x) + g 2 (r, x)] rfxrfr. 

it Jg it iG 

(2.6) 

Put pi = and P2 = jz^- It is easy to check that 



1 



+ 



1 



- — — - - 

P + P~i + P~2 + 2~ ^ 2(n/p)"i ' 2(1 -n/p)" 1 ' 2 



+ - = 1. 



By Holder's inequality and Sobolov's embedding theorem, we find 



E J 63 (r, x)z(r, x)z t (r, x)dx 



<E/ |6 3 (r,x)||2;(T,x)|p|z(r,x)| f|z t (r,x)|dx 

iG 

< r 2 E ( I |z(r, •) I ? I LP1 (G) I |z(r, •) | 1_ * | LP2 (G) | z t (r, •) | £ 2(G) ) 

OH 1— — \ 

2(T ' ')Ilu^(G) l Z(T ' ')li 2 (G) M T ' '^(G) j 

"> ')|l2(G)I^( T ' ')| L 2(G))- 



(2.7) 



1 x n 1 — n/p 

rr^E(|z(r,.)|^ (G) rr^U(r. 
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Since 



l — n/p 1— ™ 

< rF*\z(T r )\-fa< 



\z t (r,x)\ 2 + \Vz(r,x)\ 2 + r™\z(r,x)\ 2 )dx 



2p 



\z t (r,x)\ 2 + \Vz(t,x)\ 2 + rt l/P \z(T,x)\ 2 y x 



l_r;_ 
2 2p 



\ Z t( T , ')| L 2( G ) 

from (2.7), we get 



< 



| zt (r, x) | 2 + | Vz (r, x) \ 2 + r^ n/p \ z(r, x) | 2 dx 



E / b 3 (r, x)z(t, x)z t (r, x)dx < r| n/p £(r) 

G 



(2.8) 



By a similar argument, we obtain that 



r 2 n/p E / z(t, x)zt(r, x)dx 

' G 



< 



^"""E jf (rr^^^x) + z 2 (r,x))dx 



(2.9) 



From (2.8), (2.9) and the property of b tj (i,j — 1, • • • ,n)(see (1.1)), we find that 
Sit) < C\s(s)+ (r 2 + r™ + l)^ £(r)dr + Ej J [f 2 (r, x) + g 2 (r, x)] dxdt}. 



This, together with backward Gronwall's inequality, implies that 

J+r^+l) (s-t) 



C r 



£(*) < e 
From (2.4) and (2.11), we get 




£(s) + CE I I [f(r,x) + g 2 (r,x)]dxdt. 
t Jg 



(2.10) 



(2.11) 



E / (\z t (t,x)\ 2 + \Vz(t,x)\ 2 )dx 
Jg 



<Ce V 1 2 / 'e (\z t (s,x)\ 2 + \Vz(s,x)\ 2 )dx 

Jg 

+ CE J t J [f(r,x) + g 2 (T,x)]dxdty 



(2.12) 



which leads to the inequality (2.3) immediately. □ 

At last, we introduce the following known result, which plays a key role in getting the 
boundary and internal Carleman estimate. 



Lemma 2.1 [25, Theorem 4.IJ Let G C^faT) x W l ) satisfy 

p ii =jP i , i,j = 1,2,.-. ,n, 

/, ^ G C 2 ((0,T) x R n ). Assume that u is an Hf^iW 1 ) -valued and {Ft} t>o~ adapted process 
such that u t is an L 2 (W l ) -valued semimartingale. Set 6 = e l and v = 6u. Then, for a.e. 
i£l" and P-a.s. u G Q, 



e( - 2l t v t + 2j2p ij hvj + *u) [du t - J2(P iju i)j dt 



h3 



1,3 



+ E [ E (W¥ j 'li>ViV f - pV^i W) - 2^7^ + p ij kv 



dt 



(2.13) 



* + — b 



+^ j ViV - [Ak + 

+d [ E^W - 2j2p ij hvjV t + l t v 2 t - Vv t v + (Al 

hi i,j 

= { [iu + T,(p%)j - *] - 2 J2[( P ij ij)t + P l %\vivt 

hi ' hi 

+ E [(p"'*)* + E (2p ij '(p i,j h')f - (p ij / j 'h>) 3 >) + *p«] v iVj 

hi 

+Bv 2 + ( - 2Z t u t + 2 E^^i + ^) 2 }^ + 9\{dut) 2 , 

hi 

where (du t ) 2 denotes the quadratic variation process of u t , A and B are stated as follows: 
' A = (I 2 - l tt ) - Y^Wi - Pj l i ~ P%) - 

hi 

1 r i ( 2 - 14 ) 

5 = + (Ai t ) t - E(^o, + ^ *« - E(^*^ 



hj 



3 Proof of Theorem 1.1 

In this section, we prove Theorem 1.1 by means of the global Carleman estimate. In what 
follows, for A G R, we use 0(X r ) to denote a function of order A r for large A. 

Proof of Theorem 1.1: We divide the proof into three steps. 

Step 1. On one hand, from Condition 1.2, we know that there is an e 1 G (0, 1/2) such 



that 



l(t,x)<\(^--?£) <0, V(t,x)G [(0,^- ei r)U(^- ei T,T)] xG. (3.1) 
On the other hand, since 

Z(^,ar) = d(x) > R 2 , G G, 



T 
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we can find an e £ (0, £1) such that 

R? 



l(t,x)>-£, V(M)6(--£„T,-+ £o T)xG. (3.2) 

Now we choose a x £ Co°[0,T] satisfying 

X=lin ^- £l T,^ + £l r). (3.3) 

Let y = x z for -2 solving the equation (1.2), then we know that y is a solution to the following 
equation: 

d Vt ~ J2^ jyi ^ dt = hlVt + ( &2 ' V ^ + + x/ + « * + (hy + X9)dB{t) in Q, 

y = M on£,^ 
k j/(0) = y(T) = 0,y t (0) = y t (T) = in G. 

Here a = \ttz + 2x^t - &ix t z. 

Step 2. We apply Lemma 2.1 to the solution of the equation (3.4). In the present case, 
we choose _ 

= = l u + J2(b ij l i ) j -\co, 

and then estimate the terms in (2.13) one by one. 

We first analyze the terms which stand for the "energy" of the solution. The point is to 
compute the order of A in the coefficients of \v t \ 2 , |Vi> | 2 and \v | 2 . Clearly, the term for \v t \ 2 
reads 

{kt + - *}v 2 t = \covl (3.5) 

Noting that W{1 <i,j < n) are independent of t and l t j = Ijt = 0, we get that 

Y ( [(m j ) t + m tj \v i v t = 0. (3.6) 

By Condition 1.1 and Condition 1.2, we have that 



= ^ [W j kt - b l3 \c + [26 iJ "(6 <,J 'Zi0i' - $& <,J "*i'] } 
> A(/i -4 Cl -co)^^ 
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Now we compute the coefficients of \v | 2 . 

A = i*-i tt -^[m i i j -(b%) j ]-v 

= \ 2 c\(2t - T) 2 + 4A Cl + Ac - Un 
-\{2t -T) 2 -J2 b ij d iC l^ + 0(A) 



By the definition of B, we see that 

B = Afy + (Al t ) t - J2( Abij h) 3 + [*« " 

= 2Al tt - \c A - J2 V 3 kA 3 + A t l t [W J "k)i'J j 

= 2A 3 [ - 2c 3 (2t - Tf + 2ci b ij did 3 ] - A 3 c c 2 (2t - T) 2 + A 3 c ^ ^'d^ 

+A 3 ^ b "d,U>' y <!,■<! y) j - 4A 3 c?(2t - T) 2 + 0(A 2 ) 
= (4ci + c )A 3 ^ + A 3 h' 1 <l ,[(>''' <l ;■<!,■), 

i,j i,3 

-(8c 3 + c c 2 )A 3 (2t-T) 2 + O(A 2 ). 
Now we estimate b^d^b 1 J di>dji)j. From Condition 1.1, we get that 

H^b ij didj <^2Y1 [^'(^di')? ~ bp^'d^didj 

= J2J2 ( 2bij ' bi j> d i' + 2W'b'' ! d l .y - bp^'d^didj 

i,3 

= J2J2 (W j 'tf?di'didj + ■2h :, 'b'' ! <l,.y<l,<l ! - b'],b'' r <!;■<! ,<l^j 

i,3 

= J2J2 ( bl ' j ' b ydi'd i d j + b" b' <l yl ,<l , + b" b' •' <l ■ yl ,<l 

y^y^b''dsH''<i,.<iy) r 

From (3.7) and (3.8), by Condition 1.2, we obtain that 

B > A 3 (4 Cl + c ) bijd i d i + A3 / i o hiJdid 3 ~ ( 8c i + 2c oc?)A 3 (2t — T) 2 + 0(A 2 ) 



(3.7) 



(3. 



> A 3 (4 Cl + c ) J2 bijd i d i + A ^o J2 Ujdid i ~ 2c i( 4ci + c o) a3t2 + °( A2 ) 

i,3 i,3 

> 2(4ci + c )A 3 ( ^ - c 2 T 2 ) + 0(A 2 ) 

= 2(4 Cl + c )A 3 (4 J R 2 - c 2 T 2 ) + 0(A 2 ). 
Then we know that there exists a A > such that for any A > A , we have that 

Bv 2 > 8 Cl (ARl - c 2 T 2 )AV. (3.9) 

Since 

v(0,x) = 6(0,x)y(0,x) = 

and 

v t (0, x) = 6 t (0, x)y(0, x) + 9(0, x)y t (0, x) = 0, 
we know that at time t — 0, it holds that 

b'HtViVj - 2 b ij liVjV t + W t - *v t v + (Al t + y)^ = °" 

By a similar reason, we see that at time t — T, 

b ij ltViVj - 2 b%VjV t + l t v 2 - Vv t v + (Al t + y) ^ 2 = 0. 

Step 2. Integrating (2.13) in Q, taking expectation in fl and by the argument above, 
we obtain that 



+AE / ^^(26^6*°"^^ - V i V' i 'd i v v Vj.)v i <n: 

JYi i,3 i',3' 

CE I 9 2 [(\v 2 + A| Vv\ 2 ) + AV c/xdt + E I ( - 2Z t ut + 2 ^ ft^u, + ^v^dxdt. 

J Q J Q. A A 



(3.10) 

Since y = on E, P-a.s., from (1.9), we have 



(zVW'i'dyViVj, - W't'diVvVj^iSdE 

/y V £7V £7V £7i/ £71/ / 

= e f (j2 bijuiuj )(J2 bij ' di ' uj ')\^\ 2dj: ( 3 - n ) 

•/S ■ ■ ., ., 
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E 



gdy 89 
dv ^ dv 



dy_ 
dv 

dy_ 2 
dv 



= E I ( b*W) ( b i,j 'di'V j ')9 2 
< E / ( Yl bt ' J ' d ^ f ) 6 

From (3.10) and (3.11), we obtain that 
E I e{ ( - 2l t v t + b lj hvj + ttu) \dy t - J2(b lj yi ) 3 dt 



dE. 



91, 



(dyt) 2 } 



dx 



1,3 



h3 



+ae/ (£&w)(i><w)||| 2 <e 



i',3' 



>CeJ ^9 2 (Xy 2 + A| Vy| 2 ) + \ 3 9 2 y 2 dxdt + E J ( - 2Z t u t + 2 + *v)' ''dxdt. 

(3.12) 



Since y solves the equation (3.4), we know that 



(dy t ) 2 } 



E j 9[ ( - 2U + 2 ]T ft^- + ttu) [cfo - $>%),6 

= E / fl{ f - 2Z tUt + 2 V VHiVj + *v) [hy t + b 2 -Vy + hy + X f + a] (3.13) 
J ® LV i,3 

-9l t (hy + xg) 2 }dxdt 



<c{eJs 



hyt + h • Vy + b 3 y + xf + a 



\9 : 



\hy + xg) 2 } 



dxdt 



+E y (- 2l t v t + Y^b ij kvj + W) 2 'dxdt 

<c\e 9 2 (f 2 + a 2 + \g 2 )dxdt+ |&i||oo (0 r . i0 c (G)) E / 9 2 y 2 dxdt + E / 9 2 b\y 2 dxdt 
{ Jq t ' ' Jq Jq 

+ Ni- ( o,T;L-(G,R")) E / ^ 2 |Vy| 2 rfa;rft + A|6 4 ||-( ,t;L-(g)) E / 2 y 2 dxdt\ 

J Q J Q J 

+E / ( - 2l t v t + 6°'ZiUj + Vv) 2 dxdt. 

Recalling the definition of r 2 in (1.11), and using successively Holder's and Sobolev's 
inequalities, we get 



\ b Mh A0 ,T;LHG)) < r *\ e V\l%{0,T-,L'{G)) ^ ^Vl^T^/f) for ~ + ] = \ 
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(3.14) 



For any F G L 2 (fi, F T , P\ H l (R n )), by Holder's inequality one has 

\F\l H n M u^)) E I ^ + le| 2 ) n/p |^(0| 2 " /p |^(0| 2(1 - n/p) ^ 

< I pi2n/p I p|2(l-n/p) 

— I r iL^n^T,^;^ 1 ^"))' lL 2 (n,J- T ,^;i 2 (K«))- 

Hence, we know that there is a constant C > such that for any F G L 2 (f2, J 7 ^, P; Hq(G)), 
we have 

I pi 2 ^r y iFi 2n / p ipi 2 ^-™/?) 

\ r \l 2 (q,j- t ,P;H"/p(g)) lL 2 (n,j- T ,^;ffo( G ))' li2 (^.^r,-P;i 2 (G))- 

Therefore, there is a constant C > such that for any F G Ljr(0,T; Hq(G)), it holds that 

|-p|2 < f^rp\2n/p i-p|2(l-n/p) 

l r lL 2 r (0,T;//"/P(G)) - ^1^ I £2,(0,2^1 (G)) I ^ ll£( ,T;L 2 (G)) ' 

This, together with the inequality (3.14), implies that 

< e\\bMl U ^H h{G)) + C(^)^ /(P " n) A- n/(p - n) |&3^|^ { o,T;L 2 ( G )), 

where e is small enough and C(e) depends on e. 



Taking A 2 = C(r 2 + r 2 3/Wp + 1) > max{A , Ai}, combining (3.12), (3.13) and (3.15), for 
any A > A 2 , we have that 

CAE f 9 2 (Y] V 3 ^) ( V b^'di.Vj) ^ 2 cffi + CE / 9 2 (f 2 + a 2 + \g 2 )dxdt 

M v ij J v itJ , 1 dv Jq 

>eJ 6 2 (\y 2 + \\Vy\ 2 + X i y 2 }dxdt. 



(3.16) 

Recalling the property of x( see (3-3)) and y = x z i from (3.16), we find 

CAE J b lj Viis^ ( b^'d^u^e 2 |^ + CE J 6 2 (f 2 + \g 2 )dxdt 

+C(ri + l)[l / 2 / ^ 2 (2 2 + |V^| 2 + 2 2 )rfxrft+E f [ 6 2 {z 2 + \Vz\ 2 + z 2 )dxdt 

L Jo JG J^+eiTJG 

>E [ 2+ ° j 9 2 (\z 2 t + A|Vz| 2 + \ 3 z 2 y x dt. 



(3.17) 

i 

Combining (2.3) and (3.17), we know that there is a A 3 = C(r 2 + rl 75 ^ + 1) > A 2 such 
that for all A > A3, it holds that 



r Pi 2 r 

CAE / 2 ( bl3 Wj) ( Yl bi ' j ' d i ,iy j') 4- rfS + CE / 6 2 {f + \g 2 )dxdt 



>Ey ^ 2 (0)^ 2 + A|V^o| 2 + AV(0))dxrft. 



(3.18) 
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Taking A = A3, we obtain that 

Ce x 3 Ri 



E 



So 



dz 



dv 



dZ + E / (f 2 + g 2 )dxdt 
Q 



(3.19) 



> e'^ X3 E / (zl + \Vz \ 2 )dxdt. 
Jg 

This leads to the inequality (1.12) immediately. 



4 Proof of Theorem 1.2 

This section is devoted to a proof of Theorem 1.2. 

Proof of Theorem 1.2: Let ho G C^G; R n ) such that h = v on T, and let p G C 2 (G; [0, 1]) 
such that 

p=l inO|(r ), 

p = inG\O«(r ). 

Let /i = p# 2 /io in the equality (2.2), noting that yj = j£v> on E, by integrating by parts, 
we see 



(4.1) 



dy 



dYdt 



„ n 

E / ( E v'v^pe* 

„ n n ii 

E / E [2(/i • Vy) + hi (vt - E ^» 

n 

dl/t - E ft'y&dt) h-Vy- d(y t h ■ Vy) + y t h t Vydt 



dxdt 



= -E / 2 



(4.2) 



< 



7t 7t 

- E bij ViVkhjdt - div (% t 2 di + E (6 ij '/i) 

i,j,k=l i,j=l 

c[jE I 6 2 (b iyt + b 2 -Vy + hy + xf + a) 2 dxdt 
+AE / T / £ 2 (y 2 +|Vy| 2 )cM). 

^0 JOs (To) J 

2 



dxdt 



Now let us deal with the term E 
that 




9 2 \y t \ 2 dxdt. Let p 1 G C 2 (G; [0, 1]) satisfying 



'o JO S (T ) 

2 



Pl = l inO|(r ), 

p 1 = inG\a(r ). 
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Put rj = p\Q 2 . By virtue of that y solves the equation (3.4), we have 

E / rjy (hyt + b 2 • Vy + b 3 y + f + a) dxdt 
Jo, 

dx 



'Q 

E / rjy 

JQ 



dm »"//;)/// 
*J=1 



(4.3) 



ytivtV + Wt) \dxdt + E 



„ n 



b lJ yiyjdxdt 



+E y^2 b ij yir]jdxdt, 
J Q u=i 



this implies that 



E 



e 2 \y t \ 2 dxdt 



o (r ) 



< c{ ^E jf # 2 [& l2/t + 6 2 • + 6 3 y + x/ + a] 2 dxdt 
^ 2 (AV + |Vy| 2 )^t}. 



(4.4) 



JO S (T ) 



From (3.16), (4.3) and (4.4), we get that there is a A 4 = C{r\ + r 2 3/2 " n/p + 1) > such that 
for any A > max{A3, A4}, it holds that 



E / 6 2 (0) A(|V^ | 2 + kil 2 ) + a 3 |^ | 2 

J G L 

< CE I [ 9 2 (\ 3 z 2 + \\Vz\ 2 )dxdt. 
Jo Jo 6 (v ) 



dx 



(4.5) 



Since 
we see that 



e~ A ^ < 9(t,x) < e A ^, 



E / (\Vz \ 2 + \z 1 \ 2 + \z \ 2 )dx < Ce^E 



77 



(|V^| 2 + z 2 )dxdt. 



(4.6) 



'G Jo JOf(r ) 

This, together with Poincare's inequality, implies the inequality (1.13) immediately. 

5 A state observation problem 

This section is addressed to a state observation problem for semilinear stochastic hyperbolic 
equations. Let 

F(r], g, C) : K 1 x R 1 x R n R 1 
17 



and 

K(rj) : M 1 — >■ R 1 

be two known nonlinear functions. Consider the following semilinear stochastic hyperbolic 
equation 

dw t - ^2(b ij Wi)jdt = F(w, w t , Vw)dt + K(w)dB(t) in Q, 

(5.1) 



2. 



w = on S, 

w(0) = w , w t (0) = Wi in G, 

where the initial data (w , w±) G L 2 (VL, Tq, P; Hq(G)xL 2 (G)) are unknown random variables. 
We put the following assumption: 

(AS) The nonlinear functions F(-, •, •) and K(-) satisfy the following: 
1. 

\F( Vl , g, C) - F( V2 , g,C)\ + \K( Vl ) - K( V2 )\ < L(l + + M^ 1 )^ ~ m\ 

V 771, 772, e eK 1 , Cet" 

with 1 < p < ^2 if ^ > 3; 1 < p < oo if n — 1, 2, for some constant L > 0; 

\F(v, Qi, Ci) - i 71 ^, 02, C 2 )| < - £? 2 | + ICi " C2I) 

V (77, Qi, Q) etfxl'xR", i = 1, 2, 
|F(o,£,C)|<L(M + |CI) V^Oe^xR" 

for some constant L > 0; 

3. for any given initial data (w , Wi) € L 2 (f2, 7" , P; Hq(G) x L 2 (G)), (5.1) admits a unique 
solution «; = u>(- ; w ? w i) £ -^r (the solution of (5.1) is defined similarly to the one of 
(1.2)). 

Here since we do not introduce any sign condition on the nonlinear functions F(-, •, •) 
and K(-), the global existence of a solution to (5.1) is not guaranteed. This is why we need 
to impose the third assumption in (AS). 

The state observation problem associated to the equation (5.1) is as follows. 

• Identifiability. Is the solution w G H T (to (5.1)) determined uniquely by the obser- 



vation 



dw 
du 



(o,T)xr 



resp. H( ,T)xeMr ))? 



Stability. Assume that two solutions w and w (to the equation (5.1)) are given. 

resp. w\(p,T)xO s (r )) be the corre- 



dw 

Let 7T 
du 



(o,r)xr 



[resp. H(o,T)xo 4 (r () )) and ^ 



(o,T)xr 



sponding observations. Can we find a positive constant C such that 

. A 1 „ dw du 

\w - w < 6 — 

du oh 

with appropriate norms in both sides? 
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\w — w\ < C 


dw 


dw 




du 


du 


(resp.\w — w\ 



Reconstruction. Is it possible to reconstruct w G H T to (5.1), in some sense, from 
dw , 

resp. w\(p,T)xO s (r ))" 



the observation , 
av 



(o,T)xr 



The state observation problem for systems governed by deterministic partial differential 
equations is studied extensively (see [7, 11, 20] and the rich references therein). However, 
the stochastic case attracts very little attention. To our best knowledge, [25, 16] are the only 
two published papers addressing this topic. In [16], the author studied the state observation 
problem for stochastic Schrodinger equations via the Carleman estimate for the equation. In 
[25], the author addressed the state observation problem for stochastic wave equations and 
proved the following result 

\( W (t) - W (t),W t (t) - W t {t))\ L 2 {Q ^ P . H i {G)xL 2 m 



<e Ct ~ 1 C 



dw dw 
dv dv 



(5.2) 

for any t > 0. 



Mi(w ,wi) 



Obviously, one cannot let t — in (5.2), which means that the initial state cannot be 
obtained from the observation. In this paper, by means of Theorem 1.1, we can give positive 
answers to the above first and second questions, that is, we prove that the whole state can 
be observed by the boundary or internal observation. 

First, thanks to the Sobolev embedding theorem and the conditions on F(-, •, •) and K(-), 
we know 

F(w, w t , Vw) G L 2 T (0, T- L 2 (G)), K(w) G L%(0, T; L 2 {G)) 

for any w G H T . Thus, by Proposition 2.1, we know §^ e L%(0, T; L 2 (G Q )). Now, we define 
two nonlinear maps M. x and M.^ as follows: 

Mi : L 2 (n, T ,P;H*(G) x L 2 (G)) ^ L%(0,T; L 2 (T )), 
dw 

(o,T)xr ' 

M 2 : L 2 (n, F Q ,P;Hl{G) x L 2 {G)) ^ L%(0, T; L 2 (O s (T ))), 
M 2 (w ,w 1 ) = Vw\ (0tT)x0s0roy 
where w solves the equation (5.1). 
We have the following result. 

Theorem 5.1 Let Condition (1.1) and Condition (1-2) be satisfied. There exists a constant 
C = C(L, T, G, (6 u )i<jj<„, T , 5) > such that for any initial data (wo,wi),(wo,wi) G 
L 2 (n,P ,P;H^(G) x L 2 {G)), it holds that 

\(w - w ,W! - w 2 )\ L 2 {n ^ h p. H i {G)xL 2 {G)) < C|.Mi(wo,wi) -Ali^o,^!)!^^.^^)) (5.3) 
and 

\(W - W ,Wi - W 2 )\ L 2(Sl,F ,P-,Hl{G)xL*{G)) < C\ M 2 (w , W x ) - M 2 (w >l) \l% (0,T;L*(O s (r ))) > 

(5.4) 

where w = w(- ;wo,Wi) G H T is the solution to (5.1) with (w ,Wi) replaced by (wo^i). 
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Remark 5.1 Theorem 5.1 indicates that the state w(t) of (5.1) (for t e [0, T]^ can be 

dw 

uniquely determined from the observed boundary data ^ ^ or Vw|(o,r)x0 5 (r ); P-a.s., 

and continuously depends on it. Therefore, we answer the first and second questions for the 
state observation problem of the system (5.1) positively. 

Proof of Theorem 5.1: Set 

y = w — w. 

It is easy to see that y is a solution of (5.1) with 

( f 1 f 1 

bi — I d v F{w + s(w — w),w t ,Vw)ds, 62 = / d g (w,w t + s(w t — w t ),Vw)ds, 

Jo Jo 

63 = / d(F(w, w t) Vw + s{Vw — Vw))ds, 64 = / d v K(w + s(w — w))ds. 
Jo Jo 

Then, the inequality (5.3) follows from Theorem 1.1 and the inequality (5.4) comes from 
Theorem 1.2. □ 
As a direct consequence of Theorem 5.1, we have the following unique continuation 
property for the equation (1.2). 

Corollary 5.1 Let Condition (1.1) and Condition (1.2) be satisfied. Assume that f = g = 
in Q, P-a.s. If a solution of the equation (1.2) satisfies y = in (0, T) x Os(T ), P-a.s., 
then we have that y = in Q, P-a.s. 

Remark 5.2 The analogous result of Corollary 5.1 for deterministic hyperbolic equations 
with nonsmooth lower order terms was first obtained in [21]. 

Due to the need from Control/Inverse Problems of partial differential equations, the study 
of the global unique continuation for partial differential equations is very active(see [3, 21, 26] 
and the references therein) in recent years. Compared with the plentiful studying of the 
unique continuation property for partial differential equations, the study for stochastic partial 
differential equations is cold and cheerless. To the best of our knowledge, [23, 24, 16, 17] 
are the only published articles which concern this topic, and the above unique continuation 
property for stochastic hyperbolic equations has not been presented in the literature. 

Next, we consider the reconstruction of the state w. Denote by tp the observation on 
(0, T) x T and by 

W = {w E H T : w solves (5.1) for some initial data (w ,Wi) G L 2 (fi, F Q , P; Hq(G) xL 2 (G))}. 
Put 

f T f dw 2 
JUw) = E / / u> oTdt for w E W. 

Jo Jto dv 

Let w be the state of (5.1) corresponding to the observation (p. Then, it is clear that the 
state w satisfies that 

J Aw) = min J Aw) = 0. 
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Hence, the construction of w can be converted to the study of the following optimization 
problem 

(Pi) Find a. w E W which minimizes Ji(-). 

By a similar argument, we can show the construction of w can be deduced to the following 
optimization problem 

(P 2 ) Find awGlf which minimize J 2 (u>) = / / |Vu> — ifj\ 2 dxdt, 

Jo JGq 

where ip is the internal observation. 

To give efficient algorithms to solve problem (Pi) and (P 2 ) is beyond the scope of this 
paper and will be studied in our forthcoming paper. 



6 Further comments and open problems 

There are plenty of open problems in the topic of this paper. Some of them are particularly 
relevant and could need new ideas and further developments. 

• Efficiency algorithm for the construction of the solution w from the obser- 
vation 

In this paper, we only answer the first and the second questions in the state observation 
problem. The third one is still open. Due to the stochastic feature, some efficient 
approaches for hyperbolic equation(see [11] for example), become invalid. In the end 
of Section 5, we show that it can be solved by studying an optimization problem. 
In this context, it seems that one may utilize the great many sharp methods from 
optimization theory to study the construction of (wq,Wi). However, thanks to the 
stochastic setting, it seems that one cannot simply mimic these methods. A detailed 
study of this interesting but difficult problem is beyond the scope of this paper. 

• Observability estimate and unique continuation property with less restric- 
tive conditions 

In this paper, we prove the inequality (1.12) and (1.13) under the Condition (1.1) 
and Condition (1.2). It is well known that a sharp sufficient condition for establishing 
observability estimate for deterministic hyperbolic equations with time invariant lower 
order terms is that the triple (G,T Q ,T)((G,Os(T Q ),T)) satisfies the geometric optic 
condition introduced in [2]. It would be quite interesting and challenging to extend 
this result to the stochastic setting. However, there are lots of things should be done 
before solving this problem. For instance, the propagation of singularities for stochastic 
partial differential equations, at least, for stochastic hyperbolic equations, should be 
established. 

As we have pointed out in Remark 1.6, it is more interesting to get the following 
inequality 

I (ZO, Zl)\L2{Si,T ,P;L2{G)xH-i(G)) 

. C (r 2 +r i/2 - n/p +1) (\ I I t \ II A 

^ e 12 {\Z\L%(0,T;L*(O s (r ))) + \ J\l%(p,T;L*(G)) + \9\L 2 T {0,T;L 2 {G)) J ■ 
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For deterministic hyperbolic equations, the inequality (6.1) can be obtained by combing 
the global Carleman estimate and the multiplier method(see [5] for example). If one 
follows the method to study the stochastic problem, one will meet some real difficulty 
In fact, as the deterministic settings, from Theorem 1.1, by means of a suitable choice 
of multiplier, one can get 

\(zq, Zi)\ L 2( n ^ 0j p. H i( G ) xL 2( G fi 

< Ce^ + ^ +1 > (E / / {z\ + z 2 )dxdt + \f\ L ^ T , LHG)) + \g\ L%{0W G)))- 
v Jo Jo s (r ) ' ' 

(6.2) 

Then, by employing the Compact /Uniqueness argument, we can eliminate the term 
u z 2 " in the right hand side of (6.2) for deterministic case. A key point in the Com- 
pact/Uniqueness argument is the fact that H l ((0,T) x G) is compactly imbedded into 
L 2 ((0, T) xG). However, the corresponding result is not true in the stochastic settings. 
One can easily show that even H T (recall that H T is given as in (1.5)) is not compact 
embedded in L^(0, T; L 2 (G)). The missing of compactness leads to new difficulty for 
establishing internal observability estimate for stochastic hyperbolic equations. 

Under the Condition (1.1) and Condition (1.2), y = in Q, P-a.s., provided that 
y = in (0,T) x Os(Tq). Compared to the classical unique continuation result for 
deterministic hyperbolic equations (see [19] for example), the conditions in this paper 
is very restrictive. It would be quite interesting but maybe challenging to prove whether 
these results in [19] is true or not for stochastic hyperbolic equations. 

• Some other inverse problems for stochastic hyperbolic equations 

In this paper, we show that the state can be uniquely determined by the observation 
via Carleman estimate. For deterministic partial differential equations, there are lots 
of other interesting inverse problems solved by some methods based on Carleman es- 
timate. For example, the multidimensional coefficient /source inverse problems with 
single measurement data. Both the global uniqueness and global stability are obtained 
by some methods which are mainly based on Carleman estimates. There are so many 
works in this topic. Hence, we do not list them comprehensively and we refer the readers 
to two nice surveys [20, 8] and the rich references therein. One will meet substantially 
new difficulties in the study of inverse problems for stochastic partial differential equa- 
tions. For instance, unlike the deterministic partial differential equations, the solution 
of a stochastic partial differential equations is usually non-differentiable with respect 
to the variable with noise (say, the time variable considered in this paper). Also, the 
usual compactness embedding result does not remain true for the solution spaces re- 
lated to stochastic partial differential equations. Due to these new phenomenons, most 
of the powerful methods in [20, 8] cannot be applied to stochastic partial differential 
equations directly. In [15], the author studied an inverse source problem for stochastic 
parabolic equations involved in some special domain. It seems that it is hard to gen- 
eralize the method in [15] for the study of stochastic partial differential equations in 
general domains. 
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